Abstract. We present a general method to construct couplings of stochastic differential equations driven by Lévy noise in terms of coupling operators. This approach covers both coupling by reflection and refined basic coupling which are often discussed in the literature. As an application, we establish regularity results for the transition semigroups of the solutions to stochastic differential equations driven by additive Lévy noise.
Coupling is a well-known powerful tool in the study of Markov processes, see [16, 17, 28] . It has been efficiently used to show regularity properties of Markov semigroups and ergodicity of Markov processes. There are many publications on coupling of diffusion processes, see for instance [18, 9, 24, 12, 3] and the references therein, but only few papers consider the coupling of jump processes. The first systematic investigations on coupling of Lévy processes are [27, 5, 26] and [6, Chapter 6 .2], but -compared to the diffusion case -the theory is still in its infancy.
In this paper, we consider d-dimensional stochastic differential equations (SDEs) driven by additive pure jump Lévy noise (1) dX t = b(X t ) dt + dZ t , X 0 = x ∈ R d , where b : R d → R d is a measurable function and Z = (Z t ) t 0 is a pure jump Lévy process on R d . We assume that the SDE (1) has a unique strong solution X = (X t ) t 0 . This holds, for example, if b satisfies the local Lipschitz and linear growth conditions, see [13, Chapter IV.9] , or if b is Hölder continuous and Z a Lévy process satisfying some moment condition for the Lévy measure at zero and at infinite and such that its transition semigroups enjoy certain regularity properties, see e.g. [10, 14, 23, 32] . It is easy to see that the generator of X is given by (2) Lf (x) = ∇f (x), b(x) + R d f (x + u) − f (x) − ∇f (x), u 1 (0,1) (|u|) ν(du), where ν is the Lévy measure of the pure jump Lévy process Z.
We have two aims in mind: First, we want to find a uniform formulation for coupling of the SDE (1) -this serves as model case for more general SDEs with multiplicative noise, see Section 4.2; this is done using the concept of coupling operators covering all currently known couplings for Lévy processes. The other aim is to establish new regularity results for the transition semigroups of the solution of the SDE (1) -and, in particular, for Lévy processes -illustrating the power of the coupling and coupling operator method when applied to Lévy processes. Notation. Most of our notation is standard or self-explanatory. Lévy measures ν(du) and Lévy kernels ν(x, du) are, as usual, defined on R d \ {0}; for simplicity we will not make this explicit in our notation and keep writing R d . . . ν(du) etc. By a ∧ b we denote the minimum of a and b, and agree that "∧", when combined with "+" or "−", takes precedence over these operations, i.e. a ± a ∧ b = a ± (a ∧ b).
Coupling operators for SDEs with additive Lévy noise
Let L be a linear operator from C for all x, y ∈ R d and f ∈ C
L(1 ⊗ g)(x, y) = Lg(y) for all x, y ∈ R d and g ∈ C
Typically, L will be the infinitesimal generator of a Markov process. The main purpose of this section is to study a general formula for the coupling operator Lf . Assume, for a moment, that L is the generator of a Feller process X = (X t ) t 0 such that the test functions C ∞ c (R d ) are contained in the domain D(L). It is wellknown, cf. [6] , that
is necessarily of the form
Lf (x) = ∇f (x), b(x) + 1 2 div Q(x)∇f (x)
here, (b(x), Q(x), ν(x, du)) is for every fixed x ∈ R d a Lévy triplet, i.e. b(x) ∈ R d , Q(x) ∈ R d×d is positive semidefinite, R d [1 ∧ |u| 2 ] ν(x, du) < ∞ and all expressions are measurable and locally bounded in x.
Therefore, the following Ansatz provides a natural candidate for a coupling operator related to (2) 
where ∇ x f (x, y) and ∇ y f (x, y) denote the gradient of f (x, y) with respect to x and y, and ν(x, y, du, dv) is a Lévy-type kernel, i.e. a measure on R 2d \ {0} satisfying
is a coupling operator with marginal operator L of the form (2), if and only if, ν(x, y, du, dv) satisfies for all A, B ∈ B(R d \ {0}) and x, y ∈ R d the following conditions
Proof. By (3) we have for any
Since L(f ⊗ 1) = Lf , we get the first equality in (5) since the family
The second equality follows in a similar way. Let us show that (5) is also sufficient. For any f ∈ C
with F x (0) = 0. Thus, (5) along with a standard approximation argument yields
Similarly, we get in the other coordinate direction
Hence, L defined by (3) is a coupling operator with marginal operator L.
The condition (5) for a coupling operator is stronger than the requirement (4) for general Lévy-type operators. This means that the class of Lévy-type coupling operators is smaller than the class of Lévy-type operators -but to-date we are not aware of a structural characterization of general Lévy-type coupling operators, and we have to restrict ourselves to concrete examples.
To proceed, we need some further notation. For any bi-measurable function f :
the minimum of two measures ν 1 and
+ where (ν 1 − ν 2 ) ± are the positive resp. negative parts from the HahnJordan decomposition of the signed measure ν 1 − ν 2 . For any 
then, the operator L defined by (6) is a coupling operator with marginal operator L given by (2) .
The operator L defined by (6) is of the form (3) with the Lévy type kernel ν(x, y, du, dv) shown above. It is clear that we have ν(x, y,
On the other hand, we have
Together with (7) this yields that for
. The claim follows from Lemma 1.1.
The coupling operator L defined by (6) can be uniquely described by the drift b(x) and the following jump system
. We will adopt this description throughout the rest of the paper. Remark 1.3. In most applications one needs a pathwise realization of the coupling in form of a Markov process, that is a 2d-dimensional Markov process (X t , Y t ) t 0 such that (X t − X 0 ) t 0 and (Y t − Y 0 ) t 0 are Markov processes with infinitesimal generator L. Clearly, if (X t , Y t ) t 0 exists, then the coupling operator L (with the generator L as marginal operator) is indeed the infinitesimal generator of (X t , Y t ) t 0 . The converse is more of a problem: from the mere definition of a coupling operator L we cannot immediately deduce the existence of an associated Markov processwe refer to [6] for an exhaustive discussion of the existence of processes generated by Lévy-type operators.
In general, one needs a further argument to deduce the existence of a coupling process (X t , Y t ) t 0 . For diffusions, the well-posedness of the associated martingale problem is the method of choice, see [ In the present context, all processes are given by SDEs, so it is more natural to require the existence of a strong solution to the SDE, see e.g. [20, 15] .
Explicit coupling processes for SDEs with additive Lévy noise via coupling operators
In this section, we will establish three kinds of coupling processes for the SDE (1) by making full use of the coupling operator constructed in the previous section. In the literature, these three -in general highly non-trivial -couplings are treated in different settings; it is, therefore, surprising that we can handle them in a unified framework based on the coupling operator (6).
2.1.
Coupling by reflection: rotationally symmetric Lévy noise. Assume that Z = (Z t ) t 0 is a pure jump rotationally symmetric Lévy process with Lévy measure by ν. For any x, y, z ∈ R d , we write
for the reflection at the hyperplane orthogonal to x−y. Obviously, R x,y (z) = R y,x (z),
Since ν is rotationally symmetric, ν 1 is invariant under the transformation R x,y (z) z, as R x,y (z) = R −1
x,y (z) and |R x,y (z)| = |z|. This shows (7) is satisfied. Thus, according to Proposition 1.2, the jump system (10) determines a coupling operator L.
Let us briefly verify the existence of a 2d-dimensional coupling process which is generated by the coupling operator L given by (10) . By the Lévy-Itô decomposition, there exists a Poisson random measure N(dt, dz) such that
where N (dt, dz) = N(dt, dz)−dt ν(dz) is the compensated Poisson random measure. To keep notation simple, we setN(dt, dz) = 1 (0,1) (|z|) N(dt, dz)+1 [1,∞) (|z|) N(dt, dz), and so
Consider the following system of SDEs on R 2d :
For any x, y, z ∈ R d with x = y we have
where
If we assume, in addition, that the drift term b is Lipschitz continuous, then the SDE (11) has a unique strong solution (X t , Y t ) up to t < τ , where τ is the coupling time defined by
see also the discussion in the proof of Proposition 2.1 below. Since, by assumption, the first SDE in (11) has a unique strong solution (X t ) t 0 , it is natural to identify the solution of (11) with (X t , X t ) for all t τ . By Itô's formula, we can easily verify that the generator of (X t , Y t ) t 0 is the coupling operator L given by (10) .
Recall that coupling by reflection for SDEs driven by an additive Brownian motion B = (B t ) t 0 is realized through the following system of SDEs, cf. [18, 9] :
, where
t is the transpose of e t , and τ is defined as (12) . In particular, we have
is an orthogonal matrix and, by the Lévy characterization of Brownian motion, the process B # defined by B # t := A t B t , t > 0, is also a Brownian motion. We can use a similar idea to construct the corresponding coupling for the SDE (1): If Z = (Z t ) t 0 is a rotationally symmetric pure jump Lévy process, then the process Z # defined by Z # t := A t Z t , t > 0, is again a rotationally symmetric pure jump Lévy process which has the same distribution as (Z t ) t 0 . Indeed, let L # be the generator of the process
where we use the fact that ν is invariant under the change of variables R x,y (z) z due to the rotational symmetry of the process Z. This shows that Z # is a pure-jump Lévy process with the same Lévy measure as Z, hence Z and Z # coincide in law. In particular, the associated coupling process can be realized using the SDE (11) with η = ∞. This is the reason why we call (10) coupling by reflection.
This construction is, in general, not always the best choice. In contrast to the diffusion case, the above construction allows for a situation that two jump processes -even if they are already close -suddenly jump far apart. In order to apply coupling by reflection we have to choose the parameter η carefully. We also emphasize that the above argument still works if Z is of the form Z = Z ′ + Z ′′ where Z ′ , Z ′′ are independent Lévy processes and Z ′′ is rotationally symmetric, see e.g. [31] . Let ν be the Lévy measure of the Lévy process Z = (Z t ) t 0 . We stress that the construction of coupling in this section does not require any further (geometric) assumptions on the Lévy measure. For any κ > 0 and x, y ∈ R d , we define
The following refined basic coupling was introduced in [20, Section 2] for the first time:
Obviously, (13) is the same as (8) (7) holds true, and so (13) yields a coupling operator.
Let us briefly discuss some properties of the refined basic coupling (13) . If |x − y| κ, then the refined basic coupling becomes
In the first row of (14), the distance of the two marginals decreases from |x − y| to |(x + z) − (y + z + (x − y))| = 0, and this reflects the idea of the basic couplingbut only with half of the maximum common jump intensity from x to x + z and y to y + z + (x − y). In the second row of (14) the distance is doubled after jumping, with the remaining half of the maximum common jump intensity, while we couple the remaining mass synchronously as indicated in the third row of (14) . If |x − y| > κ, then the first row of (13) shows that the distance after the jump is |x − y| − κ. Therefore, the parameter κ is the threshold to determine whether the marginal processes jump to the same point, or become slightly closer to each other. This is a technical point, but is crucial for our argument to make the coupling (13) efficient for Lévy jump processes with bounded (finite-range) jumps.
Using the technique from [20, Section 2.3] we can construct the coupling process associated with the refined basic coupling. In a first step, we extend the Poisson random measure N from
by adjoining an independent uniformly distributed random component
and we set
We are going to use the adjoined random variable to define a random threshold which determines whether the processes X and Y move towards each other or extend their distance. For this we need the following control function ρ:
Consider for any x, y ∈ R d with x = y the following system of SDEs:
It is shown in [20, Propositions 2.2 and 2.3] that the system (15) has a unique strong solution which is a non-explosive coupling process (X t , Y t ) t 0 of the SDE (1). Moreover, the generator of (X t , Y t ) t 0 is the refined basic coupling operator constructed above, and X t = Y t for any t τ , where τ = inf{t 0 : X t = Y t } is the coupling time of the process (X t , Y t ) t 0 . Note that for x = 0,
2.3. Coupling vs. optimal transport: rotationally symmetric Lévy noise.
In this section we discuss coupling from the point of view of optimal transport, see [29] as a standard reference; our exposition is inspired by [21, Section 2.1] and also by McCann's solution to the optimal transport problem for concave costs on R, cf. [22] . In contrast to [21] we will make full use of our approach through the coupling operator. Let us return to the framework of Section 2.1. We will assume that the pure jump Lévy process Z in the SDE (1) is rotationally symmetric and that its Lévy measure is of the form ν(dz) := q(|z|) dz for some nonnegative measurable function q(r). Let q 0 (r) q(r), i.e. q 0 (|z|) dz is also a rotationally symmetric Lévy measure.
For any x, y, z ∈ R d , let R x,y (z) be the reflection defined in (9) . We consider the following jump system on R 2d : (17) can be derived from (8) . Observing that R x,y (x − y) = y − x (x = y) and R x,y (z 1 + z 2 ) = R x,y (z 1 ) + R x,y (z 2 ) for any z 1 , z 2 ∈ R d we see
This shows that (7) is satisfied.
We are now going to construct the coupling process for the coupling (17) . We continue to use the notation introduced in Section 2.
Consider the following SDE: Proof. As in (16), we see that q 0 (|z|) ∧ q 0 (|z + x − y|) dz < ∞ for x = y. We can rewrite the SDE for Y t in the following way
We will now rearrange the last three terms involving dt q 0 (|z|) dz du:
which follows from R x,y (x−y) = y −x (x = y) and R x,y (z 1 +z 2 ) = R x,y (z 1 )+R x,y (z 2 ) for z 1 , z 2 ∈ R d . On the other hand,
This means that the equation for Y t becomes simpler:
For fixed z ∈ R d , the function (x, y) → R x,y (z) is locally Lipschitz continuous on {(x, y) ∈ R 2d : x = y}. The remaining two terms driven by
may be regarded as stochastic integrals with respect to a finite Poisson measure; this is again due to the fact that q 0 (|z|) ∧ q 0 (z + x − y) dz < ∞ for any x = y. Using the standard interlacing technique, we see that the SDE (18) has a unique strong solution up to the coupling time τ , see [13, Chapter IV.9].
Regularity of SDEs with additive Lévy noise revisited
We will now apply our coupling technique, to study regularity properties of the semigroup associated with the SDE (1). Let (X t ) t 0 be the unique strong solution to (1) and denote by (P t ) t 0 its transition semigroup. We define 
Remark 3.2. a) Recently, the authors of [2] introduced the local coupling property for Markov processes and proved that it is equivalent to the following condition
where p t (x, ·) is the transition probability of the Markov process X := (X t ) t 0 . Let (P t ) t 0 be the transition semigroup associated of the process X. Since In the proof of Theorem 3.1.a) we will apply the coupling operator L from Section 2.1 with η = . We begin with the following simple estimate. 
with f (0) = 0 and x, y ∈ R d with 0 < |x − y| 1.
where we use |R x,y (z)| = |z|. Observe that Lf (|x − y|) = Lf (|y − x|) and R xy (z) = R yx (z). This allows us to symmetrize the above expression and we get
to see the last equality, use that |z| |x − y|/2.
We assume now, in addition, that f
Using again the fact that ν is rotationally symmetric, we get
Proof of Theorem 3.1.a). Fubini's theorem shows
Since r → ψ(r) is increasing, Φ is well defined under (19.a); moreover, Φ ′ (r) = Let (X t , Y t ) t 0 be the coupling process constructed at the end of Section 2.1. Denote by P (x,y) and E (x,y) the probability law and the expectation of (X t , Y t ) t 0 such that (X 0 , Y 0 ) = (x, y), respectively. For ǫ 0 ∈ (0, 1] as above and any n 1 we set
It is clear that lim n→∞ τ n = τ , where τ is the coupling time.
Let x, y ∈ R d with 0 < |x − y| < ǫ 0 and choose n so large that |x − y| > 1/n. Because of the monotonicity of Φ, Dynkin's formula and (24), we get for all t > 0,
Rearranging this inequality and letting t → ∞ yields
Therefore, we can use Markov's inequality and get
Letting n → ∞, we find that
.
Finally, we have for any
In order to prove Theorem 3.1.b), we use the refined basic coupling from Section 2.2.
Lemma 3.4. Let κ > 0 be the constant from (13) and denote by L the coupling operator given by the jump system (13) 
Proof. If x, y ∈ R d satisfy 0 < |x − y| κ, then we have (x − y) κ = (x − y). Using the jump system (13), we get for any x, y ∈ R d with 0 < |x − y| κ
where we use the identity
. This, together with the assumptions on f and (23), yields the assertion. . Folklore wisdom from the theory of optimal transport tells us that one should use most of the common mass of two probability distributions if one wants to obtain a coupling with nice properties. In this sense, the first row in (17) is a natural choice, see [21, Section 2.1] for further details, and this is also the underlying idea of basic coupling (14) . The problem is, how one should use the remaining mass. If the Lévy measure is rotationally symmetric, we use reflection of the remaining mass, cf. the second row of (17) . This approach is essentially due to [21, Section 2.2], where q 0 (|z|) = q(|z|)1 {|z|<m} for some large m ≫ 1. For Lévy processes which are subordinate to a Brownian motion, [4] shows that this type of coupling with m = ∞ is indeed a Markovian maximal coupling. For further discussions in this direction, we refer our readers to the end of [4, Section 5] .
In a general setting, one can try to use independent coupling with the remaining mass; this approach often has poor properties. Intuitively, a much better solution should be to couple the remaining mass synchronously, but it turns out that such a construction does not produce a coupling. In the preliminary construction of the refined basic coupling (14) , the two marginal processes jump to the same place only with half of the maximal probability (see the first row in (14)), while with the other half we perform a transformation which doubles the distance between the two marginal processes (see the second row in (14)). With the remaining probability we let the marginal processes move synchronously, see the third row in (14) . With a view towards the refined basic coupling (14) , it seems sometimes to be better not to have the marginals jump to the same place with the maximal possible probability, but to use some of the mass for coupling the marginals in a more convenient way.
In what follows, we use the concept of an optimal coupling operator which was introduced in [7, Definition 2.3 ] to study optimal coupling for Lévy noise. Let f be a non-decreasing and concave function [0, ∞) such that f (0) = 0, a coupling operator L f is said to be f -optimal, if
where the infimum ranges over all coupling operators L. In particular, the definition above means that the infimum is attained for the coupling operatorL f . In contrast to the diffusion or the birth-and-death process case -see [7, Theorem 3.2 and Section 5] -there seems to be no general structure formula for coupling operators associated with Lévy noise. This is the reason, why we concentrate on the three couplings presented in Section 2: we will compare Lf (f is a non-decreasing and concave function on [0, ∞) such that f (0) = 0) with the three coupling operators mentioned in Section 2. Let Z = (Z t ) t 0 be a rotationally symmetric pure jump Lévy process whose Lévy measure is of the form ν(dz) = q(|z|) dz for some measurable function q(r) 0, r > 0. We consider the following two cases. 
Since L r f (|x − y|) = L r f (|y − x|) and R x,y (z) = R y,x (z), we can symmetrize the above expression, and get
For the other coupling operator we get
In the last equality we use that q(z) ∧ q(z + x − y) dz, x = y, is a finite measure on R d as well as the following identity which one easily checks using (in the last line) the change of variables z R x,y (z) and R x,y (x − y) = R x,y (y − x):
Using symmetry as above, we can swap the roles of x and y in the second term of the right hand side for L r,b f (|x − y|), and get
Comparing the formulae for L r f (|x − y|) and L r,b f (|x − y|) we see that
Case 2: (Jumps of finite range) Denote by L r the "coupling-by-reflection" operator with η = 1 2 , cf. Section 2.1, and by L b the "refined-basic-coupling" operator constructed in the same way as (13) with ν 1 (dz) = ν 2 (dz) = 
By the mean value theorem and f ′′ 0, it is easy to see that
On the other hand, we have for all x, y, z
This shows that
Let L r,b denote the "combined reflection-and-basic" coupling operator constructed in Section 2.3 with q 0 (|z|) = 1 {|z| |x−y|/2} q(|z|). Using (25) it is easy to see that
The symmetrization argument used in Case 1 allows us to change the roles of x and y, and we get
If f ∈ C[0, ∞) ∩ C 2 (0, ∞) with f (0) = 0 and f ′′ 0, these calculations show that
Remark 4.1. Lévy processes which are subordinate to a Brownian motions are particular examples of rotationally symmetric Lévy processes. Thus, the conclusion of Case 1 shows that the coupling defined by (17) is, for subordinated Brownian motions and from a coupling operator point-of-view, optimal among the three couplings mentioned in Section 2.
On the other hand, one essential point of the proof in Case 2 uses the fact that, when Lévy jump is finite range, the jumping density disappears, q(|z|) ∧ q(|z + x − y|) = 0, for x, y ∈ R d which are sufficiently distant, i.e. |x − y| ≫ 1. In this case, the second row of (17) disappears, and (17) essentially becomes (10) . This illustrates the advantage of the refined basic coupling (13) : it applies both to finite range jumps and non-necessarily rotationally symmetric Lévy processes.
4.2.
Coupling operators for SDEs with multiplicative Lévy noise. It is possible to extend the coupling idea from the previous sections to SDEs with multiplicative Lévy noise
where b :
is continuous, and Z = (Z t ) t 0 is a pure jump Lévy process on R d with Lévy measure ν. Since the drift term b is always coupled synchronously, we only need to consider how to couple multiplicative Lévy noise. The multiplicative term σ(x) affects the jumps in a way that the jump height ∆Z t = Z t − Z t− is not simply added to X t− (as in the additive noise case) but it is first transformed by the matrix σ(X t− ) and then added. This means that in our coupling scheme (8) we have to replace Ψ i (z) by σ(y)Ψ i (z).
More precisely, for any 1 i < n+1 ∞, let Ψ i : R d → R d be a bijective continuous map and ν i a nonnegative measure on (R d , B(R d )) such that n i=1 ν i ν. Now we change the general formula (8) for the basic coupling with additive noise to (27) (x, y) −→ (x + σ(x)z, y + σ(y)Ψ i (z)), µ ν i ,Ψ i (dz) for 1 i < n + 1; (x + σ(x)z, y + σ(y)z), ν − n i=1 µ ν i ,Ψ i (dz). As in the proof of Proposition 1.2, we can verify that (27) determines a coupling operator for the infinitesimal generator of the SDE (26) if (7) is satisfied. It is reasonable that in the case of multiplicative Lévy noise, the maps Ψ i (z) should depend on the coefficient σ(x). In view of the results from Sections 2.1 and 2.2, let us discuss the following examples. where R x,y (z) is the reflection operator defined in (9) . It is easy to see from the rotational invariance of the Lévy measure ν and the properties of R x,y (z), that setting σ(x) = id d reduces (27) to (10) . Again, if σ(x) = id d , (27) becomes (13) . This coupling was first introduced in [15] when studying the regularity of semigroups and the ergodicity of the solution to the SDE (26) .
